Digital Image Processing

Image Enhancement in the Frequency
Domain
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Frequency Domain

* Afrequency-domain graph shows how much of
the signal lies within each given frequency band
over a range of frequencies.

* A frequency-domain representation can also
include information on the phase shift that must
be applied to each sinusoid in order to be able to
recombine the frequency components to recover
the original time signal.

* A given function or signal can be converted
between the time and frequency domains with a
pair of mathematical operators called a transform




Frequency Domain



Fourier Transform

* Fourier transform is given by

F(u) = / TF(x)e P gy

* |Inverse Fourier transform is

f(x) = /mF(u)eﬁ’”“"‘ du.
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Two Dimensional Fourier Transform
e Forward Fourier Transform is:

/ / f —;217 (ux+vy) dx dy

* |Inverse Fourier Transform is:

f(x,y)—/ / F(u, v)e™ %) dy dv.

=00 o —00



Discrete Fourier Transform

e 1D forward transform
gz ‘
Flu)i= T > G B copufor w00 3201505 Mii=sks
x=0

e 1D inverse transform
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f(x) = EF(u)efzw””M forx = 0,:1,2, .5 M sils
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Fourier Transform Properties

* From Euler’s Equation we have:

6

e/’ = cosf + jsiné.

* Hence by replacing we get

1 M —
= b E x)[cos2mux/M — jsin2mux/M]



Magnitude, Phase, and Power
Spectrum of Fourier Transform

* Magnitude of Fourier transform is found by:

|F(u)| = [R¥u) + I*(u)]'"”

* Phase is given by:
s —1
$(u) = tan {R(u)

* Power Spectrum is: Pl = |l
= R*(u) + I*(u)




Sample Functions and their Fourier
Transforms
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Fourier Transform Usage

 The Fourier Transform is used if we want to access the
geometric characteristics of a spatial domain image.

 Because the image in the Fourier domain is
decomposed into its sinusoidal components, it is easy
to examine or process certain frequencies of the
image, thus influencing the geometric structure in the
spatial domain.

* |n most implementations the Fourier image is shifted in
such a way that the DC-value (i.e. the image mean)
F(0,0) is displayed in the center of the image. The
further away from the center an image point s, the
higher is its corresponding frequency.



Sample Frequency Domain Processing
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Removing Additive Noise

* Assuming the noisy image is the result of
adding noise to the original image as shown
below:

gx.y) = f(x.y) + n(x.y)

 We can remove the noise by filtering out the
noise effect






Frequency Filtering
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Sample Fourier Analysis

s ol
o
T

e
.




Convolution

* |[n 2D continuous space, convolution is defined
by:

(fxg)(t) = /_:f(T}g[t —7)dr

* In 2D discrete space convolution is given by:

(f *g)n] def Z flm| gln — m]

Mm=—00



Convolution
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Filtering in Frequency Domain

Basic Steps of Filtering in Frequency Domain
Are:

Compute F(u,v), the DFT of the input image

Multiply F(u,v) by a filter function H(u,v)
G(u,v) = H(u,v)F(u, v).

Compute inverse DFT of the result

Obtain real part of the inverse DFT



Filtering in Frequency Domain

Frequency domain filtering operation

o

Pre-
processing

f(x, )

Input
image

Fourier
transform

F(u,v)

Filter Inverse
function Fourier
H(u,v) transform

H(u,v)F(u,v)

Post-
processing

g(x,y)

Enhanced
image



Spatial Masks in Time
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Convolving Mask with Image in Time
Domain

* Convolving mask with image is carried out by
sliding the mask over the image, multiplying
mask values with the pixel values falling
beneath them and obtaining the sum.

b

g(x.y) = i z w(s.t)f(x + s,y +1)

=—a ft=—b

* The convolution is converted to multiplication
in frequency domain

f(x,y)*h(x,y) & F(u,v)H(u,v)



Sample Frequency Domain Filters

* Notch Filter: Changes the average value of an
Image to zero

0 if (u,v)=(M/2,N/2)

otherwise.




Low Pass Filters




ldeal Low Pass Filter

1 if D(H, U) = D{)
if D(u,v) > D,

H(u,v)




Some Low Pass Filters

e Gaussian low pass filter (GLPF)

H(H’ U) a=ra {;’_DE[;""'J-‘-‘};’?E”-:
D(u,v) is the distance from the origin of the
Fourier transform.



Result of Filtering with GLPF

Historically, certain computer
programs were written using
only two digits rather than
four to define the applicable
year. Accordingiy, the
company's software may
recognize a date using "007
as 1900 rather than the year

Historically, certain computer
programs were written using
only two digits rather than
four to define the applicable
year. Accordingly, the
company's software may
recognize a date using "00"
as 1900 rather than the yE3r
2000.
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Low Pass Filter Example
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High Pass Filter
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High Pass Filters

* Simplest high pass filter is the complement of
low pass filter

Hy,(u,v) =1 — Hy(u,v)
* |deal high pass filter is given by:

0 if D(u,v) =D,
H(u,v) = { (1, 0) ’

l 11 D(”, 'U) = Dﬂ.



High Pass Filters

* Gaussian high pass filter is given by:

H(m U) =1 —p D*(u,v)/2D7
D, is the distance trom the center to cut-off
frequency

D(u,v) is the distance from any point (u,v) to
the center given by

D(u,v) = [(u — M/2)* + (v — N/2)*]'"*



Example Results with D, =15, 30 and
80




ldeal and Gaussian High Pass Filters
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MATLAB Implementations

e Use fft(.) function for 1D Fourier transform
and fft2(.) for 2D transform.

e Use ifft and ifft2 for inverse Fourier transforms

 Example:
— | = imread(‘test.jpg’);
— FI = fft2(l);
— FI2 = log(abs(Fl));
— imshow( FI2, [-1 5], 'InitialMagnification','fit')



Fast Convolution

Read the image
Create the mask (or read it)

Find the Fourier transforms of the Image and
the mirror of the mask (rotate by 180 degrees)

Multiply the transformed image and the
transformed mask

Find the inverse Fourier transform of the
result



